A novel approach to an established method to calculate the frequency spectrum of Lamb waves is introduced. Lamb wavetrains are generated with the wedge method in aluminium plates, and a sequence of instantaneous acoustic out-of-plane displacement fields at the plate surface is measured with a self-developed double-pulsed TV holography system. This is achieved by emitting two laser pulses synchronized with the piezoelectric transducer that generates the waves and conveniently delayed. As a result, a 2D optical phase-change map, proportional to the aforementioned acoustic displacement field, is obtained for the instant of emission of the second laser pulse. Then, a series of maps is acquired under repeatability conditions by successively delaying the second laser pulse, so that the resulting sequence of maps records successive instants of the propagation of the wavetrain. The frequency spectrum of the wavetrain is obtained from a 3D spatio-temporal Fourier transform of the whole sequence of optical phase-change maps, as the relation between the temporal frequency and the spatial frequency along the principal propagation direction of the wavetrain. The use of a 3D Fourier transform permits to calculate the frequency spectrum regardless of the propagation direction of the wavetrain, with non-perfectly plane wavefronts and also increases the signal to noise ratio with respect to the 2D spatio-temporal Fourier transform approach. Experiments show that the resulting branches for the Lamb modes existing in the wavetrain are in agreement with the theoretical frequency spectrum of Lamb waves in aluminium.
INTRODUCTION
Lamb waves are a well-known kind of ultrasonic guided acoustic waves that represent an appealing means to perform the non destructive testing of plate structures. 1 In fact, although longitudinal and shear waves are usually employed in ultrasonic testing, guided ultrasonic waves present important advantages to inspect certain structures such as plates, rods, pipes, shells, etc. Specifically, their capability to propagate along large distances with low attenuation permits to perform the so-called long range inspection of this kind of structures.
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One of the main applications of ultrasonic testing is the measurement of the elastic constants and/or the dimensions of the part to be inspected. Thereby, Lamb waves have been employed for the measurement of the thickness and two independent elastic constants of isotropic and homogeneous plates. [4] [5] [6] These parameters are determined as the parameters of the theoretical model that best fit the experimental data. Therefore, a property of the different Lamb modes that compose the wave must be measured as a function of the acoustic frequency, such as the phase velocity, 7 the group velocity, 4 the wavelength 6 or the wavenumber.
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A method that is commonly used to experimentally determine the relation between the frequency and the wavenumber of the different Lamb modes that compose a Lamb wave was introduced by Alleyne and Cawley. 8 It consists in the calculation of the spatio-temporal 2D Fourier transform of a set of single-channel signals that represent the temporal evolution of the stress or displacement of a set of equally spaced points at the plate surface. This method was employed by several authors to characterize Lamb waves excited and detected with several methods, in a way that the set of experimental data is obtained by changing the position of the excitation or detection points. In this work, a new approach to this method is introduced. The novelty consists in the data acquisition system, which is based on the recording of a set of instantaneous two-dimensional displacement-field maps corresponding to a set of instants of the wavetrain propagation. The maps are obtained with a self-developed double-pulsed TV holography (TVH) system that allows a fine control of the delay between the generation and detection instants. Then, two alternatives are tested to calculate the relation between the frequency and the wavenumber, being both based on the Fourier transform. First, we consider the central horizontal line of each map to calculate the spatio-temporal 2D Fourier transform of the experimental data set. The second alternative is based on a spatio-temporal 3D Fourier transform, which considers for each instant a 2D array of experimental points corresponding to the whole map. Although the calculation of the 3D Fourier transform requires more computational cost, it presents several advantages that are discussed in this paper.
FREQUENCY SPECTRUM OF LAMB WAVES
In plates with parallel and stress-free boundaries, the superposition of compression and vertically polarized shear waves successively reflected in the boundaries leads to the onset of a well-known kind of guided acoustic waves known as Lamb waves. 11 Lamb waves consist of infinite propagating and non-propagating dispersive modes, which are classified into two families (symmetric and antisymmetric) depending on the symmetry of the displacement field with respect to the mean plane of the plate. A common representation of the dispersion of Lamb waves is made by means of the so-called frequency spectrum (shown in Fig. 1 for the first five symmetric and antisymmetric modes), in which the normalized frequency γ is represented against the normalized wavenumber ξ for a plate with a velocity ratio χ = c L /c T , being c L and c T the phase velocities of the compression and shear waves in the plate material respectively.
The branches of the frequency spectrum correspond to the solutions of Eq. 1, derived from the equations of Elasticity assuming a time-harmonic wave propagating along the horizontal direction of the plate x 1 . In Fig. 1 only the propagating modes are represented for an isotropic solid, namely an aluminium plate with c L = 6330 m/s and c T = 3117 m/s.
Eq. 1 is given as a function of the normalized frequency γ = 2hω/πc L , the normalized wavenumber ξ = 2hk 1 /π and the velocity ratio χ, where 2h is the plate thickness, k 1 is the Lamb wavenumber and ω is the circular frequency.
Then, the instantaneous out-of-plane displacement field u 3 (x, t) at the plate surface due to a time-harmonic wave propagating along the x 1 direction is given by:
whereû 3m is a complex constant. The displacement field described by Eq. 2 shows a periodicity both in time and in the horizontal spatial direction, with respective frequencies f = ω/2π and f 1 = k 1 /2π, being the relation between f and f 1 given by the curves of Fig. 1 . Though, in general, a Lamb wave is neither monochromatic nor monomode, its displacement field is given by a superposition of a series of terms described by Eq. 2 that correspond to the different modes and to the different temporal frequencies the wave consists of, in a way that a representation of the points (ω, k 1 ) corresponding to these terms fits the curves of the frequency spectrum.
MATERIALS AND METHODS

Test plates
The experiments were performed in two aluminium plates (alloy denomination EN AW-2017A-T4) with respective thicknesses 2h = 1.97 mm and 2h = 5.00 mm. The transversal dimensions of the plates are 500 mm × 200 mm, which allow to perform the measurement in a relatively large field of view without considering reflections in the plate boundaries.
The elastic constants of the plates were measured in a previous work, The plates are supported so that the constraints at their surface are minimized; they simply rest on a horizontal board covered in velvet fabric.
Description of the experimental system
The lay-out of the experimental system used to generate and to detect the Lamb waves is depicted in Fig. 2a .
The waves are generated by means of the wedge method, a classical method to generate guided waves in which the longitudinal wave emitted by a piezoelectric transducer is coupled to the plate surface through a prismatic coupling block of angle θ w (Fig. 2) . With this method, a distribution of stress is created at the plate surface that moves along the x 1 direction with a velocity imposed by the wedge, which benefits the generation of Lamb modes with a phase velocity close to this one. 12 Lamb wavetrains are generated in the plates by exciting the piezoelectric transducer with a tone-burst consisting of a few cycles with a given central frequency.
On the other hand, the instantaneous out-of-plane acoustic field at the plate surface due to the propagation of the Lamb wavetrain is measured with a self-developed double-pulsed TV holography system.
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TV holography, also known as electronic speckle pattern interferometry (ESPI), is a well-known full-field optical technique that has been successfully employed to measure guided waves in plates with non-specular finish.
14 In our case, a frequency-doubled twin-cavity seeded Q-switched Nd:YAG laser is used as the illumination source, and two correlograms are recorded in a CCD camera corresponding to the instants of emission of the two laser pulses. Each correlogram encodes the acoustic displacement field of the object surface in an interference pattern between a reference beam and an object beam backscattered by the plate surface. The system is set up in order to be sensitive to the out-of-plane component of the displacement. Then, a processing procedure based on the spatial Fourier transform method is applied to the interferograms, 15 so that the optical phase-change map given by:
is rendered. t 1 and t 2 are the instants of emission of the first and second laser pulses respectively and φ o (x, t) is the object optical phase difference, i.e., the component of the optical phase depending on the change in the position of the object points. In this work, we have used the synchronization between the laser pulses described in Ref. 16 , in which the first pulse is emitted with the plate at rest, this is, synchronized with the beginning of x 1 the excitation burst (Fig. 2b) , and the second pulse is delayed so that it captures the wavetrain in the field of view (Fig. 2c) . This set-up allows to perform a faithful measurement of the wavefront shape, being the optical phase-change map given by:
where λ is the wavelength of the laser and t is the instant of emission of the second laser pulse. Typical examples of optical phase-change maps are shown in Fig. 3 for a S0 wavetrain in the aluminium plate 1.97 mm thick. It was generated by exciting the piezoelectric transducer with a tone-burst consisting of three cycles at a central frequency of 1.000 MHz and by using a poly(methyl methacrylate) (PMMA) wedge with θ w = 35
• . The three maps correspond to three different instants of the propagation of such wavetrain, so that the broadening of the wavetrain due to its dispersive behaviour can be observed. Furthermore, a set of optical phase-change maps can be taken under repeatability conditions by successively delaying the second laser pulse, so that a movie can be composed and many phenomena corresponding to the propagation of the wavetrain can be observed.
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Calculation of the frequency spectrum by means of the 2D Fourier transform
The method for calculating the frequency spectrum of Lamb waves by means of the 2D Fourier transform was first introduced by Alleyne and Cawley.
8 The starting point of the method is the experimental recording of the stress or displacement fields at the plate surface for a set of equally spaced points and equally delayed instants. In our case, the out-of-plane displacement field for a set of instants and a set of points along the horizontal direction x 1 is obtained from a selected horizontal line of a set of maps taken under repeatability conditions and successively delaying the second laser pulse. Then, the experimental data can be expressed as: where Δt and Δx 1 are the sampling time (given by the delay increment of the second pulse) and the sampling distance (proportional to the horizontal pixel size) respectively. The 2D discrete Fourier transform of the experimental set of data is calculated, which is given by:
The experimental frequency spectrum corresponds to the values of mod[ũ 3 (l,ñ)]. The values of the temporal frequency f and the horizontal spatial frequency f 1 are given by:
The calculation of the discrete Fourier transform is usually performed by means of the Fast Fourier transform (FFT) algorithm, which allows to calculateũ 3 (l,ñ) for a set of LN points (with L and N powers of two), i.e.,l andñ are integers given by:
Calculation of the frequency spectrum by means of the 3D Fourier transform
The actual experimental data consist in a three-dimensional set of values constructed by stacking the twodimensional displacement-field maps measured with increasing time-delay, i.e.: From the experimental set of data, the 3D discrete Fourier transform can be calculated, which is given by:
The values of f and f 1 are given by Eqs. 7 and 8 respectively, whilst the value of the vertical spatial frequency f 2 is given by:
Again, the FFT algorithm is commonly used to calculate the discrete Fourier transform, in which casẽ u 3 (l,ñ,m) is calculated for LM N points (with L, M and N powers of two), wherel andñ are integers given by Eqs. 9 and 10 respectively, whereasm is given by:
The method for calculating the frequency spectrum of Lamb waves propagating along the x 1 direction by means of the 3D Fourier transform consists in considering: The calculation of the frequency spectrum with Eq. 15 is equivalent to averaging the frequency spectra obtained by means of the 2D spatial Fourier transform method considering each horizontal line of the field of view, so that the signal-to-noise ratio is improved. Furthermore, the 3D Fourier transform yields the vertical spatial frequency f 2 , which together with the horizontal spatial frequency f 1 allows to determine the propagation direction of the wave. Therefore, this method allows to calculate the frequency spectrum of a Lamb wavetrain propagating in an arbitrary direction as well as to check the assumption of horizontal propagation, so that the cosine type error in the spatial frequency is avoided. Fig. 4a shows the frequency spectrum of the wavetrain of Fig. 3 calculated by means of the spatio-temporal 2D FFT described in section 3.3. A field of view of 225.8 mm × 56.4 mm (N × M = 1024 pixel × 256 pixel) was used (i.e., larger than the one shown in Fig. 3) . We considered L = 256 maps corresponding to successive instants delayed by a quarter of the carrier period of the excitation burst, i.e., Δt = 250 μs. The 2D FFT was calculated by considering the central horizontal line of each map (where the amplitude of the wavetrain takes its maximum value). The result is a branch of the S0 mode corresponding to the frequency band of the acoustic source. The same frequency spectrum obtained by means of the spatio-temporal 3D FFT is depicted in Fig. 4b , showing a clear improvement in the signal-to-noise ratio. The size of the branch shown in Fig. 5a (a top-view equivalent to Fig. 4b) is determined by the frequency bandwidth of the acoustic source, namely a tone-burst consisting of 3 cycles with a central frequency of 1.000 MHz. A wavetrain also corresponding to the S0 mode was generated in the same aluminium plate (1.97 mm thick) with a broader-band acoustic source, i.e., a tone-burst consisting of 2 cycles with a central frequency of 1.000 MHz. The frequency spectrum of this wavetrain obtained by means of the spatio-temporal 3D FFT is shown in Fig. 5b . A slight increment in the size of the resulting branch is observed, but on the other hand the amplitude of the branch is lower. In fact, wavetrains with sufficient acoustic amplitude to be successfully detected with our TVH system are very seldom generated with less than 3 cycles in the burst.
RESULTS AND DISCUSSION
Another Lamb wavetrain was excited in the plate 5.00 mm thick, by using a PMMA wedge with θ w = 26
• and a tone-burst consisting of 5 cycles with a central frequency of 1.053 MHz to excite the piezoelectric. The velocity imposed with this wedge is between the phase velocities of the S1 and S2 Lamb modes in this plate at the central frequency of the burst, so that in principle the constraints imposed by the wedge benefit equally the generation of both modes. Again we considered L = 256 maps successively delayed by one quarter of the carrier period of the excitation burst, i.e., Δt = 237.5 μs, and a field of view of 225.8 mm× 56.4 mm (N × M = 1024 pixel × 256 pixel) was used. The frequency spectrum obtained by means of the spatio-temporal 3D FFT is displayed in Fig. 6 , showing different branches corresponding to different Lamb modes.
The three frequency spectra in Figs. 5a, 5b and 6 are also displayed in Fig. 7 along with the theoretical spectra of Lamb waves in the plates, calculated by considering the thickness and the bulk wave velocities mentioned in section 3.1.
The amount of information encoded in Fig. 6 is larger than in Figs. 5a and 5b, so in principle it is preferable to use an acoustic source that does not benefit the generation of a particular mode. On the other hand, wavetrains consisting of just a few cycles have low amplitude spectral density and are barely detectable with our system, and considering the fact that the measured frequency range is not substantially increased when reducing the number of cycles, wavetrains of 5 cycles are a good trade-off between bandwidth and amplitude spectral density to experimentally measure branches of the frequency spectrum with the presented spatio-temporal 3D Fourier transform method.
CONCLUSIONS
A novel approach to the well-established spatio-temporal 2D Fourier transform method to calculate the frequency spectrum of Lamb waves was presented. The original method was based on the spatio-temporal Fourier transform of a set of experimental values corresponding to the acoustic displacement, measured in a set of equally delayed instants and at a set of equally spaced points of the plate surface.
The novelty here presented consists in the acquisition of the experimental data from a set of optical phasechange maps obtained with a double-pulsed TV holography system. The maps are proportional to the instantaneous out-of-plane displacement field at the plate surface. Then, the spatio-temporal 2D Fourier transform is applied to a set of values extracted from the central horizontal lines of the set of optical phase-change maps. The maps are proportional to the instantaneous out-of-plane displacement field at the plate surface and are obtained under repeatability conditions, so that they correspond to equally delayed instants of the propagation of the wavetrain.
An improved method is proposed by considering the 2D array of values of each map, in a way that the spatio-temporal 3D Fourier transform is calculated. Since the waves propagate along the horizontal direction, the frequency spectrum is obtained by considering a null value of the vertical spatial frequency. The spatiotemporal 3D Fourier transform method has shown to increase substantially the signal-to-noise ratio with respect to its 2D counterpart. Furthermore, the propagation direction of the wavetrain can be obtained from the 3D Fourier transform, so no errors arise due to a false assumption of horizontal propagation.
The method was tested in two aluminium plates by exciting monomode and multimode Lamb wavetrains. The resulting frequency spectra are in good agreement with the theoretical ones calculated to the thickness and bulk wave velocities of the plates, so this method is adequate to obtain experimental regions of the spectrum with the aim of calculating the thickness and the elastic constants of the plates.
